Abstract. In this paper we study the modified Hadamard product properties of certain class of analytic functions with varying arguments defined by Ruscheweyh derivative. The obtained results are sharp and they improve known results.
INTRODUCTION
Let A denote the class of functions of the form: The symbol D n f .´/.n 2 N 0 / was called the n-th order Ruscheweyh derivative of f .´/ by Al-Amiri [1] . It is easy to see that Definition 1. Let f and g be analytic functions in U . We say that the function f is subordinate to the function g, if there exists a function w, which is analytic in U and w.0/ D 0I jw.´/j < 1I´2 U , such that f .´/ D g.w.´//I 8´2 U: We denote by the subordination relation.
Definition 2. [2,4]
For 0I 1 Ä A < B Ä 1I 0 < B Ä 1I n 2 N 0 let Q.n; ; A; B/ denote the subclass of A which contain functions f .´/ of the form .1:1/ such that
(1.7)
Definition 3 ([7]
). A function f .´/ of the form .1:1/ is said to be in the class
The union of V .Â k ; ı/ taken over all possible sequences fÂ k g and all possible real numbers ı is denoted by V . Let VQ.n; ; A; B/ denote the subclass of V consisting of functions f .´/ 2 Q.n; ; A; B/.
Theorem 1 ([4]
). Let the function f .´/ defined by .1:1/ be in V. Then f .´/ 2 VQ.n; ; A; B/, if and only if
where
The extremal functions are
The modified Hadamard product of two functions f and g of the form .1:1/ and .1:2/, and which belong to V .Â k ; ı/ is defined by (see also [3, 6, 8] )
(1 Proof. Let f 2 VQ.n; ; A 1 ; B/; g 2 VQ.n; ; A 2 ; B/ and suppose they have the form .1:1/. Since f 2 VQ.n; ; A 1 ; B/ we have
and for g 2 VQ.n; ; A 2 ; B/ we have
We know from Theorem 1 that f g 2 VQ.n; ; A ; B/ if and only if
By using the Cauchy-Schwarz inequality for .2:1/ and .2:2/ we have
We note that
implies .2:3/. But this is equivalent to
From Theorem 1 we have:
From .2:5/ we obtain that .2:4/ holds if
The result is sharp, because if
g.´/ D´C .B A 2 /.n C 1/ 2C 2 ı.n; 2/ e iÂ 2´2 2 VQ.n; ; A 2 ; B/ f g 2 VQ.n; ; A ; B/ and satisfy (8) with equality. Indeed,
Corollary 1. If f; g 2 VQ.n; ; A; B/ then f g 2 VQ.n; ; A ; B/, where
. The result is sharp. 
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Proof. Let f 2 VQ.n; ; A; B 1 /; g 2 VQ.n; ; A; B 2 / and suppose they have the form .1:1/. Since f 2 VQ.n; ; A; B 1 / we have
and for g 2 VQ.n; ; A; B 2 / we have
We know from Theorem 1 that f g 2 VQ.n; ; A; B / if and only if
By using the Cauchy-Schwarz inequality for .2:6/ and .2:7/ we have
But this is equivalent to
.k 2/: (2.10) from .2:10/ we obtain that .2:9/ holds if
But kC k ı.n; k/ < .k C 1/C kC1 ı.n; k C 1/; .k 2/ so :
The result is sharp, because if f .´/ D´C .B 1 A/.n C 1/ 2C 2 ı.n; 2/ e iÂ 1´2 2 VQ.n; ; A; B 1 / g.´/ D´C .B 2 A/.n C 1/ 2C 2 ı.n; 2/ e iÂ 2´2 2 VQ.n; ; A; B 2 / f g 2 VQ.n; ; A; B / and satisfy (8) 
But kC k ı.n; k/ < .k C 1/C kC1 ı.n; k C 1/; .k 2/ so:
The result is sharp, because if OEı.n;2/ 
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But kC k ı.n; k/ < .k C 1/C kC1 ı.n; k C 1/; .k 2/ so : 
